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Abstract Energy spectrum and degeneracy associated with bound states of monopoles and
dyons in non-Abelian gauge theory has been investigated and it is shown that energy levels
expand due to the presence of additional degeneracies. Splitting of energy level of dyonium
in presence of external magnetic and electric field has also been analyzed confirming the
presence of additional degeneracy levels of the system. In addition, the study of behaviour
of a fermion moving in the field of non-Abelian dyon in moduli space under SU(2) gauge po-
tential has been undertaken and energy eigen values for the system are carried out. Detailed
analysis of relativistic correction in fermion-dyon system in moduli space is presented and
angular momentum operators of the system are derived, which demonstrates that besides the
contribution of Higgs field, the interaction of spin and orbital angular momentum of moving
fermion also contributes to the energy operator.

Keywords Dyon - Dyonium - Degenerate states - Spin—orbit interaction - Perturbation -
Moduli space - Gauge transformation - Relativistic approximation - Four-potential - Orbital
angular momentum operator

1 Introduction

Two significant advancements have been reported in the theory of magnetic monopoles one
is the quantum field theory of interacting electric and magnetic charges as developed by
Schwinger [1, 2] and the other is the local Lagrangian quantum field theoretic formula-
tion developed by Zwanzigar [3, 4]. In previous approaches, Schwinger postulated both the
Hamiltonian and commutation rules, which while successful, seems an adhoc method of
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formulating a quantum field theory. Zwanzigar’s formulation requires a great deal of clarifi-
cation on canonical and physical structure basis of the theory.

In Yang-Mills vacuum there are two types of topological excitations; instantons and
monopoles. Instantons and monopoles interact coherently in the 6 vacuum [5-13] and this
might carry the solution of the strong CP problem [14—16]. Monopoles in pure Abelian
gauge theory are the manifestations of instanton excitation, gives rise dyon [11-13, 17-19].
Furthermore, we can say that theoretical instantons containing topological charges are made
of dyons. Schwinger [1, 2], however, ignored the experimental failures to detect monopole
as well as the theories casting doubts on its existence, formulated a relativistically covari-
ant quantum field theory of monopoles and sharpened Dirac’s quantization condition by
restricting the product of electric and magnetic charges to integer values. This quantization
condition explains to some extent the negative experimental results of monopole search but
in this theory the rotational symmetry was violated due to the presence of singular lines in
the solution of vector potential around a monopole. Subsequently, it became clear that the
monopole and dyon can be understood better in non-Abelian gauge theories [20-23]. Per-
haps the reason for our inability to see these particles with certainty lies elsewhere rather
than in their inconsistencies of relativistic quantum field theory. Julia and Zee [24-28] ex-
tended the idea of ‘t Hooft—Polyakov to construct classical solutions for non-Abelian dyons
which arise as quantum mechanical excitations of fundamental monopoles. They come auto-
matically from the semi classical quantization of global-charge-rotation degrees of freedom
of monopoles.

In this paper, we present a rigorous study of non-Abelian gauge theory (can be cast
into Abelian gauge theory with monopoles) for dyons which proves that the instanton-anti-
instanton bound state may be the possible spring regions of dyon. This may be possible only
if instantons and (anti)-instantons are strongly correlated. The angular momentum operator
and degree of degeneracy of the system has been carried out showing that monopole loop
and the loop of electric currents fall on the top of each other. Further, we investigate the
behaviour of dyonium in presence of external magnetic and electric field to demonstrate
that the energy levels of the system are modified due to the presence of magnetic charge on
dyon. Thereafter energy levels of the system are lifted causing the splitting in the usual way.

Extending this work in the third section, the study of interaction of spin-1/2 particles
(fermion) in the field of a non-Abelian dyon in moduli space has been undertaken and Dirac
equations for the system are derived. Extra spin contribution in the energy gained by the
fermion in the field of non-Abelian dyon is studied. In fourth section, motion of fermion in
generalized electromagnetic field of non-Abelian dyon with spin—orbit interaction has been
undertaken that shows besides the contribution of Higgs field, the interaction of spin and
orbital angular momentum of moving fermion also contributes to the energy operator which
arise as relativistic interactions in different parts of the Hamiltonian.

2 Phenomenological Behaviour of Bound States of Monopoles and Dyons in External
Fields Under SU(2) Gauge Potential

Now it has been widely recognized [24-28] that SU(5) grand unified model [24-28] is a
gauge theory that contains monopole and dyon solutions. Consistently monopoles and dyons
have become an intrinsic part of all current grand unified theories [24-28]. The bound state
of two dyons consist different solutions than the bound state of hydrogen atom due to the
presence of magnetic charge on dyon. The study of energy spectrum and degeneracies asso-
ciated with harmonic oscillator has been carried out and it has been shown that the degener-
acy of the level E,, are (n 4 1)(n +2)/2. Dynamical symmetry group of a three dimensional
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harmonic oscillator of monopole is SU(3). By using inverse transformations of raising and
lowering operators [20—-23] the angular momentum operator of the system can be written as

ih
=3 Z Sijk(aka; —aza;), 2.1
ki=1

where a and a” are raising and lowering operators of the eigen values of Hamiltonian of the
system. Bound states of instantons—(anti-) instanton system thus provides very small Bohr
radius as the value of magnetic charge is very large in comparison of electric charge [20-23,
29, 30]. n? fold degeneracy of the levels of this system is confirmed by making identification
n =2a + 1 of the energy eigen value

_ (. mne
E= <2h2(2a+ 1)2>’ 22

where p is the reduced mass of the system.
Integer value of the topological charge of the instantons may be given as

q / d*x (3,a, — 3,a,)8,0p0 Fpo € Z. (2.3)

© 32n2
The gauge degrees of freedom of Carton subgroup U(1) C SU(2) are kept dynamical so that
the monopoles may arise. Monopoles [5-10, 31, 32] are arise by mapping gluonic degrees
of freedom of the theory onto photons, colour electric charges and colour magnetic charges,
which is identified as Abelian projection.

Conserved electric current of the system, can be defined as

1
Ju= Eav(aﬂau —ovay). 24

Monopole loop and the loop of electric currents fall on the top of each other which can be
proved by the fact that the magnetic charge can be obtained from the colour of an electric
charge inside a three dimensional region €2 [33]. The (anti-) self-duality may be written as

Fu=%F,, (2.5)

where (+) sign is for the instanton and (—) sign is for the anti-instanton. This (anti-) self-
duality survives the Abelian projection.

Gauge fixing and Abelian projection turns instantons into dyons [31, 32] with electric
charge e = +m. Dynamical variables of the Abelian theory were ‘photons’, colour elec-
trically charged particles and monopoles. Possible bound states of these particles can also
be studied in Abelian gauge theory. Bound state [20-23] of monopole (monopolnium) has
been investigated and it is used to solve the bound state of two dyons under the influence of
externally applied magnetic field. In order to investigate the behaviour of the system (bound
state of dyon) one can start with the quantum mechanical Hamiltonian [34]

P _, ih - = igh, 1 P - -
H=——V'4+—(eA—-—gB)— —¢+ [(e- —g")(A° — B*) —4egA - Bl +qop,
2m mc mc? 2mc?

(2.6)
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where ¢ is charge on dyon given as
g=e—ig. (2.6a)

For total field along Z-direction, A and B are given as

Ay=—3H,, Ay=3H, A, =0 27
B,=—1E, B,=1E. B, =0 '
where, E and H are electric and magnetic fields given as
I;" =—ep+ 5 ‘M % X I§
. IR O (2.8)
H= —8¢ + W —VxA
In this case,
A% =1H*r*sin*0 2.9)
B’ = iEzr2 sin” 0 '
and
iv=lig
- , (2.10)
B-V= EE%

The analysis of the transition is very important to understand the nature of the lines emitted.
Total energy of the system is given as

/

E=FE)+

G (eH +gE). @2.11)

where m’ = m cos 6 is the magnetic quantum number of the system of a dyon moving in the
field of another dyon. Frequency of the lines emitted during the transition may be given as

EQ—E®  Am
V= + (eH 4+ gE), (2.12)
h 4rmce

which shows that the energy levels are modified due to the presence of magnetic charge on
dyon and degeneracy of energy levels is lifted causing splitting of the energy levels in the
usual way.

Motion of strongly correlated instantons and anti-instantons is influenced by the presence
of external electric field also. Though it is very early to say anything about the experimen-
tal verification of these facts of such a system even than it is interesting to carry out the
theoretical investigations using Hamiltonian approach.

Let us start with the Hamiltonian

y_ W7 e Re(giq7) N Im(qiq7)

H= —|q1Zg = Hy + H,, (2.13)

2m r 2mr?

where charge ¢ is given by (2.6a). Hj is the unperturbed Hamiltonian and H; is the perturba-
tion part which is due to the influence of external electric field that is applied in z-direction.
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The first order perturbation energy in ground state is

1 o
2Higg 100 = —IQ|E///rcose(m>e 2@ 2 sin? 0 dr d6 dg,
0
=0

(2.14)

This equation shows that no first order stark effect has been found in the ground state of
instantons (anti-) instanton system. On introducing perturbation, the corresponding energy
values are given as

LEWD =0,0,+3a0lq|E, —3aolq|E (2.15)

which shows that two of the four degenerate states for n = 2 are unaffected by the electric
field to the first order and other two form linear combinations (W) with extra energy

+3ag|q| F in the electric field and (%) with extra energy —3ag|qg|F. This means
that the dyonium in this state behaves as though it has a permanent moment of magnitude
3ag|g|F which can be oriented in three different ways one state parallel to the field and two
states perpendicular to the field with zero components along the field.

Effect of strong magnetic field on dyon (anti-) dyon system is rather important to under-
stand the duality, which may confirm the theoretical existence of dyons. For this purpose
strong magnetic field can be taken in such a way that the spin—orbit interaction term acts
as perturbation and the term containing magnetic field as part of unperturbed Hamiltonian,
then, the Hamiltonian for the system can be written as

H=H"+H (2.16)
where,
N 2 ii(H+ E
A0 =T vy - MeBEE) oy, @.17)
2m 2m
is unperturbed Hamiltonian and
H =F@)L-S, (2.18)

is the perturbation term which arises due to spin—orbit interaction. In this case the wave
function is taken as W, ;s n, m, and the corresponding energy levels are obtained as

g, - LB o), (2.19)
2m
where
m=—1to +1 and ms=:|:%. (2.20)
Here E, is the energy eigen value of the system given as
E, = —Zaizjm[(Zn D) +{QI+ 1)+ 4#?].}‘/2]_2, 2.21)

wheren=0,1,2,....
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In (2.21), ajj and p;; are electric and magnetic coupling parameters of ith and jth gen-
eralized charges moving in the field of one another given as [34]

uj = ciej + 818 } (2.22)
Hij=¢i8j — 8i€j

Now, for the two states given by wave function W, .y, m,=+1/2), L z and S 7 are well defined
and expectation values for L,, Sy, L, and S, are zero. Thus the perturbation is given by

(FIL - 8) =&y 1.myms (2.23)
En,l = (F(I"))
Re(qiq})* Im(giq})* 353+ 1/2)a}
= S p— i - 4], (2.24)
m2{2n31(L + 1/2)(I + 1)} mtct | n3(U =172+ 1/2)( +3/2)a

and the energy levels are given as
E=E,+ m(E + H)(ml + st) + sn,l,mI,my (225)

This equation represents the Paschen-Back effect for dyonium. It can be seen that the opera-
tors L2, S2, I3 7 and S'Z have well defined values for each state. Since dyons are very strongly
interacting particles [34-36] so that the applied magnetic field is required to be very high in
order to get the splitting in spectral lines.

3 Interaction of Dyon with Spin-1/2 Particle in SU(2) Gauge Theory

Spontaneous breaking of Supersymmetry at mass scale M, ~ 103 Gev reveals the presence
of monopoles and dyons [37—43] and that if Supersymmetry breaks at a scale much less
than M, the monopole and dyon must form supermultiplets of bosons and fermions (spin-
1/2 particles). As such, supersymmetry provides first realistic testing ground for the idea of
fermion fractionalization and induced fermionic charge on monopole converting it to a dyon.
Therefore the occurrence of fractionally charged dyon along with their superpartners in
each charge state would lead to the possibility of observation of dyons. In order to study the
quantal properties of these monopoles and dyons for their possible experimental observation,
it became necessary to investigate the bound state of dyon with itself and also with the
fermion.

For better understanding of the problem Dirac equation is to be carried out for fermion
every where in the field of non-Abelian dyon. This problem has enormous potential impor-
tance in view of its link with baryon number non-conservation and the recent results [44]
that an exact solution of Dirac equation describing the motion of a fermion in the field of a
dyon is not possible due to the presence of a term in the potential of the system, which van-
ishes more rapidly than r~!. Apart from ‘t Hooft Polyakov [5-10] non-Abelian monopole
i.e. Bogomol’nyi—Prasad—Sommerfield monopoles [17—19] have attracted much attention in
a variety of context in theoretical and mathematical physics [46, 47] and more recently in
pure mathematics BPS monopoles provide a three dimensional example of topological soli-
tons of Bogomol’nyi type; they are static, finite energy solutions of classical field equations
and stable because their energy attains a lower topological bound, Bogomol’nyi bound.

Much progress in understanding of dynamics of such solitons has been made over the
past decade using the idea of moduli space approximation [44]. Undertaking the study of
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monopoles and dyons in moduli space the extended structure of non-Abelian dyons and the
structure for dyonic mass and electric and magnetic fields in the interior region of dyon has
been analyzed [48, 49] and showed that when collective coordinates of monopoles are time
dependent it acquires momentum and electric charge and become a moving dyon. The con-
nection of moduli space of monopoles with normalized bosonic and fermionic zero modes
has also been analyzed.

To study the interaction of fermion in the field of dyon let us write ¥ (¢, X) for a four-
component spinor which also transforms under the fundamental representation of the SU(2)
isospin group, the (14 4)-dimensional Dirac equation for non-Abelian dyon in moduli space
[45-47] in the temporal gauge V) = 0, may be written as

[—{M®3, 4+ cT* ® D,} + Myc*1y =0, 3.1

where My is the mass of non-Abelian dyon and V; is the temporal part of the general-
ized four-potential V,, = V! T,. The vector sign is denoted in the internal group space; 1 =
0, 1, 2, 3, 4 represents degree of freedom in the external space. The matrices T, (@ =1, 2, 3)
are infinitesimal generators of the group SU(2) satisfying,

[Tav Th] = SathCa

which can be expressed in terms of the Pauli matrices t, via T, = zlira; dyonic generalized
four-potential V7 is defined as

V=AY —iBl. (3.2)

For this system, specifically, we consider SU(2) gauge potential ‘7/1 (n=1,2,3,4) onR*=
R? x R which are independent of Xj.

Standard Dirac y matrices give five 4 x 4 complex matrices (I'°, I'*) which can be
written as

=y  TIi=y, IM=-iy =y"y'yH° (3.3)

Y really transforms under a spinor representation of SO(1, 4) but we can think of it as
an SO(1, 3) spinor by restricting to the Lorentz transformations in SO(1, 3) C SO(1, 4)
respecting the condition x4 = 0. Dirac’s equation for a fermion of charge e; moving in an
external field of non-Abelian dyon in moduli space may be written as

[—{T°® 0, 4 T @ (3, + €18V,))} + Moc? 1y = 0. (3.4)
On multiplying by T'*, (3.3) reduces to
[-T*°® 3, — ™y  ® D; — c(T*? ® (04 + e1gVi) + T Moc* 1y = 0. (3.5)

Using T* =14, Dy = ¢ = (84 + e1gV4) in (3.3) and (3.5) gives

_ lz 0 o 0 g; o lz 0 lz 0 2 _
A e ] e R R A L A

or
. el 12 0 _ 0 O‘i®Di 12®¢ 0
’EE[O —12]‘/’_[_6[—0,-@1),- 0 ]_[ 0 -L®e
120 e |y =o. (3.6)
0 -0
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The relativistic energy of the particle includes its rest energy Moc?. This must be excluded in
arriving at the non-relativistic approximation, and therefore v is replaced by a function v’,
defined as follows:

w — I)ﬁ/e—iMOczt/h
Equation (3.6) is then written as

N S I BN

12 0 2 ’
+[0 _lz]Moc]w.

On substituting ' = (i) where £ and 7n are two-component functions, this equation re-
duces to

[iR(d/31) + Moc*1E | _ [ —co; ® Din n —I ® ¢p& Moc*& 3.7)
—[iR(3/3t) + Moc®1n | ~ | co; ® DiE ~L®én Moc?n | '

Equation (3.7) gives

[i7(3/31) + 1, ® $E = —coi ® (3; + 18 Vi), (3.8)
—[ifi(3/01) + 1 ® ¢ + 2Moc*1n = co; ® (3 + e1gVi)E. (3.9)

In the first approximation, only the term 2Myc?7 is retained on the left hand side ode (3.9),
which gives

1 .
— L ® (3 + e1gV)E. 3.10
n <2M0c>0 ® (3 +e1gVi)é (3.10)

Substituting (3.10) into (3.8) gives

., 0§ 1 - - eigh N
h— =| —(P V)2 —1 — 2 1V, |e=H 3.11
ih— [ZMO( 1 +eigVi) —hL®e 2Morﬂxwur & & (3.11)

where 0; = 13[ is the momentum of a non-Abelian dyon.

This is the Pauli equation for a fermion in the field of non-Abelian dyon in moduli space.
It has the following extra spin contribution in the energy gained by fermion while moving
in the field of non-Abelian dyon;

, eigh -
E == [0; ® curlV;]. (3.12)
0

This equation can also be written as

E = —pup(o; @ curlVy), (3.13)
where
eigh
= —— 3.14
Up M, (3.19)
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is defined as Bohr magneton for the system and

Wp = UpOi, (3.15)

as generalized spin momentum of this system. Consequently, extra-energy term in the
Hamiltonian may be interpreted as the energy of interaction of the spin moment of a fermion
with the vector field, resulting from the space rotation of generalized four-potential {V),}.
The third component of the generalized spin moment operator for fermion may be written
as:

(up)3 = Qsh (3.16)
— o1, .
Ho)s 2M, }
The eigen value of which is
eigh
+ =tup. 3.17
2M, Mo 17)

4 Relativistic Corrections and Angular Momentum Operators of Fermion—-Dyon
(Generalized EM Field of Non-Abelian Dyon) System in Moduli Space

As such, it could not be possible so far to solve Dirac equation completely for dyon—fermion
bound states. In light of these facts, it becomes necessary to develop the alternative approach
for studying fermion—dyon dynamics in terms of Green function of U(1) Higgs model ex-
panding in terms of dyonic harmonics in topological field theories. This difficulty has been
resolved partially by some authors [34, 45-47] by using moduli space for BPS monopoles.
Later on moduli space approximation has been used to study the bound states of BPS
monopoles and dyons. In this section, we study the motion of a fermion in the general-
ized electromagnetic field of non-Abelian dyon in moduli space by retaining terms up to
those of the order of v2/c?. Substituting \7, =0and E =ih(d/dt) in (3.8) and (3.9), we get

(E +1 ® ¢)E = —co; ® P, 4.1)
—(E—L®}+2Myc*)n = co; ® PE. 4.2)

Function 7 up to the first order in (E —I, ® ¢p) /2Myc? can be calculated by (4.2). Substituting
the value

L[, _E-Lee
2M()C 2M()C2

in (4.1), an equation containing only one two-component function can be obtained as

n= ](Ui ® 135)5

E-L®¢)

1 > -
<E+zz®¢>s=2—%(m®m[1—( T ](m@P,-)S, 43)

which on simplification gives the following expression for energy operator (Hamiltonian) in
the first approximation;

g (LN EZL®D s s (5 )

H—(2M0>|:1 2Myc> i|Pi LR <4M§c2>[v(12®¢)®})’]
h > -

+ (W)[Ui R {VL ®¢)} x P]. (4.4)
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In order to derive the expression for Hamiltonian in second approximation, we use an-
other function y instead of £ given as

X =ué,

the normalization of which, upto second order, leads to the following value of factor i,

P?
u~1-— ! .
<8M§cz>

Using this value of # (and hence of yx), we get the following relativistic expression for
corresponding Hamiltonian upto terms of the order of v?/c?;

. P? . P2
H=]1 ! H(1- .
[ (g )7~ ()

p2 K2 .
= [( ’ ) — ®¢)] + [( )Vz(lz ®¢)] —[(E =L ®¢)*/2Myc?]

2M, 8M;c?

h? - -
—— )lo: ® {V( P, 4.5
+<4M0262>[a R{V(®$)}® Pl (4.5)

where I:IO corresponds to the non-relativistic term of the Hamiltonian, while bii 1 is the rel-
ativistic correction term to the Hamiltonian various parts of which arise due to different
relativistic interaction. The quantity Hj is called contact interaction operator, analogous to
the term introduced by Darwin [50] for electronic case. 1:12 is the relativistic correction term
due to the dependence of kinetic energy on momentum. Finally,

4. Mo ® (Vb ®9)} x P
T 4M§c2

, (4.6)

is the so called spin-orbit interaction operator.
In a spherically symmetric field

- Fdeo
ve=_22
¢ rdr’

(4.6) gives the spin—orbit interaction operator for the motion of a spin-1/2 particle in a
spherically symmetric field;

S®L)
2M3cr’

A d
H; = d—(lz Q) 4.7
r

Where L =7 x P, is the orbital angular momentum operator and S =1/2ho; is spin angular
momentum operator for the system. This expression clearly demonstrates that besides the
contribution of Higgs field, the interaction of spin and orbital angular momentum of moving
fermion also contributes to the energy operator.
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5 Discussion

Equation (2.1) is the angular momentum operator and (2.2) represents energy eigen value
of the system (Abelian) giving degeneracies for the same. In this section, we have restricted
ourselves to a particular bound state energy level (E < 0) of monopole and confine to the
invariant subspace (of the full space) which corresponds to the eigen value E. Conserved
electric current of the system has been given as (2.4) and (anti-) self-duality is given by
(2.5) that survives the Abelian projection. Quantum mechanical Hamiltonian of bound state
of dyon is given by (2.6) which gives frequency of the lines emitted during the transition.
This equation shows that the energy levels are modified due to the presence of magnetic
charge on dyon and degeneracy of energy levels is lifted causing splitting of the energy
levels in the usual way. First order perturbation energy in ground state is given by (2.14)
showing that no first order stark effect has been found in this state. Energy eigen value
corresponding to the perturbation has been given by (2.15) explains that dyonium in this
state behaves as it has a permanent moment of magnitude 3ag|q|F. To understand the ef-
fect of strong magnetic field on dyonium a Hamiltonian including spin—orbit interaction has
been written as (2.17) which gives the energy levels for the system given by (2.25). Dirac
equation for non-Abelian dyon in moduli space is given by (3.1). Standard Dirac matrices
and Dirac equation for a fermion in an external field of non-Abelian dyon are given by
(3.3) and (3.4) respectively. Pauli equation for a fermion in the field of non-Abelian dyon
in moduli space is given by (3.11) shows extra spin contribution in the energy gained by
the fermion. Bohr magneton and the third component of the generalized spin moment op-
erator for fermion have been written as (3.14) and (3.16) respectively. Equation (4.5) is
the relativistic Hamiltonian, for fermion in the field of non-Abelian dyon, different parts
of which arises due to different relativistic interaction. Expressions for energy operator in
first and second order approximations are given by (4.4) and (4.5) respectively which con-
tains non-relativistic term as well as relativistic corrections. Hamiltonian of this system has
been shown in terms of Higgs potential instead of scalar potential in my forthcoming paper
[51, 52] in Abelian as well as in non-Abelian gauge theories due to moduli space approxi-
mation.
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